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Abstract

A theoretical study of buoyancy-driven flow and heat transfer in an inclined trapezoidal enclosure filled with a fluid-saturated porous medium
heated and cooled from inclined walls has been performed in this paper. The governing non-dimensional equations were solved numerically using
a finite-difference method. The effective governing parameters are: the orientation or inclination angle of the trapezoidal enclosure ¢, which varies
between 0° and 180°, the Rayleigh number Ra, which varies between 100 and 1000, the side wall inclination angle 65 and the aspect ratio A.
The side wall inclination parameter 05 is chosen as 67°, 72° and 81° and the calculations are tested for two different values of A =0.5 and 1.0.
Streamlines, isotherms, Nusselt number and flow strength are presented for these values of the governing parameters. The obtained results show
that inclination angle ¢ is more influential on heat transfer and flow strength than that of the side wall inclination angle 6. It is also found that

a Bénard regime occurs around ¢ = 90°, which depends on the inclination of the side wall, Rayleigh number and aspect ratio.

© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Applications of porous media include utilization of geother-
mal energy, design of packed bed reactors, energy storage sys-
tems, solar collectors, heat exchangers, etc. These are some of
applications and the most of studies in porous media have been
recently excellently reviewed by Ingham and Pop [1], Nield and
Bejan [2], Ingham et al. [3], Bejan et al. [4] and Vafai [5]. Also,
a great number of published studies are related with the analysis
of natural convection in square/rectangular enclosures, partic-
ularly, with differentially heated vertical walls via isothermal
heaters and adiabatic horizontal walls. Some important numeri-
cal results can be found in the studies by Walker and Homsy [6],
Bejan [7], Prasad and Kulacki [8], Beckermann et al. [9], Gross
et al. [10], Lai and Kulacki [11], Goyeau et al. [12], Manole
and Lage [13], Choi et al. [14], Mamou et al. [15] and Saeid
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and Pop [16]. Some studies have also been performed to inves-
tigate the effect of inclination on natural convection in inclined
square/rectangular enclosures filled with porous media or vis-
cous (non-porous) fluids [17-25].

However, the shape of cavities can be also non-rectangular
in practical engineering applications such as solar collectors
or heat exchangers with different shaped duct constructions.
The study of convective flow in these kind of geometries are
more difficult than that of square or rectangular enclosures
due to presence of sloping walls. Flow and heat transfer in
triangular [26-30], parallelogram [31] and trapezoidal enclo-
sures [32-39] is mostly analyzed in the literature. The natural
convection in an inclined trapezoidal enclosure at different in-
clination angles filled with a viscous fluid has been studied
by Lee [34]. He made a numerical study for different values
of the Prandtl number using body-fitted coordinate systems.
It was shown that heat transfer in such an enclosure with two
symmetrical, inclined sidewalls of moderate aspect ratios, is
a strong function of the orientation angle of the enclosure for
Ra > 10* and Pr > 0.1, where Pr is the Prandtl number. Kumar
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Nomenclature
dimensionless aspect ratio (A = H/L)
g gravitational acceleration................. ms—2
Gr Grashof number
H height of the enclosure....................... m
K permeability ......... ... .. oo m?
L length of the enclosure....................... m
Nu Nusselt number
Ra Rayleigh number for a porous medium
T fluid temperature . ............. . il K
u,v velocity components along x- and y-axes.. ms™!
X,y dimensional coordinates along the horizontal and
vertical walls of the enclosure, respectively .... m
X,Y dimensionless coordinates

Greek symbols
[ effective thermal diffusivity of the porous

medium ... m?s~!
B thermal expansion coefficient .............. K~!
¢ inclination angle
0 dimensionless temperature
O side wall inclination angle
v kinematic viscosity ..................... m?s~!
W dimensional stream function............. m?s~!
v dimensionless stream function
Subscripts
C cold
H hot

and Kumar [32] used parallel computation technique to analyze
the natural convection in a trapezoidal enclosure filled with a
porous medium. In their case, the short bottom and long top
walls are taken as adiabatic, while differentially heated sloping
walls. It was shown that the flow and heat transfer distribu-
tion inside the enclosure is affected by the inclination of the
side wall of the enclosure. Baytas and Pop [33] solved the
Darcy and energy equations in cylindrical coordinates to an-
alyze natural convection in a trapezoidal enclosure filled with
a porous medium. They observed that up to Rayleigh number
Ra = 100, a conduction-dominated regime prevails, and after-
wards a two-cellular convective flow regime takes place at the
tilt angle 165°.

The above literature survey clearly shows that the effects
of inclination angle on natural convection in trapezoidal en-
closures have not been studied yet. The principal aim of
this paper is, therefore, to analyze the natural convection
in an inclined two-dimensional trapezoidal enclosure filled
with a fluid-saturated porous medium. The governing non-
dimensional equations are solved numerically using a finite-
difference method. The resulting local and mean Nusselt num-
bers and streamlines and isotherms are determined as a function
of the Rayleigh number, inclination or orientation angle and in-
clination angle of the side wall of the trapezoidal enclosure.

2. Equations and numerical solution

The general schematic configuration is a two-dimensional
trapezoid enclosure filled with a porous medium as shown
in Fig. 1(a) along with the coordinates and boundary condi-
tions. The grid distribution for numerical solution is shown
in Fig. 1(b). Regular distributed grids are used in this study.
The sloping walls of the trapezoidal enclosure are heated and
cooled at constant temperatures 7y and T¢, respectively, where
Ty > Tc. The horizontal walls are kept as adiabatic. With the
change of aspect ratio A (= H/L), the distance between nodes
in vertical direction (Ay) is automatically changed. The govern-
ing equations for the steady, two-dimensional, incompressible

flow with Darcy—Boussinesq approximation and constant fluid
properties can be written in non-dimensional form as follows:

ER N ER R 5 0 s 00 "
—— + —— =Ra| cos¢p— —singp—
axX2  9y? 0X oY
v 90 ow 96 320 9%
)= ©)
Y 0X 00X dY 0X oY
where the dimensionless variables are defined as
x=X y=2 g ¥
L L O
L,V H T — T
w, )=, T 3)
Qm Ty — Tc

Here x and y are the Cartesian coordinates along the horizontal
and vertical walls of the enclosure, respectively, # and v are
the velocity components along the x- and y-directions, 0 is the
non-dimensional fluid temperature, ¥ is the non-dimensional
stream function, which is defined as

ow ow
U=—, V= “4)
oY 0X
and the other quantities are defined in the nomenclature. The
Rayleigh number Ra for the porous medium is defined as
o SPK (T = To)L -
vy,
The boundary conditions of Egs. (1) and (2), as shown in
Fig. 1(a), are ¥ = 0 for all solid boundaries, & = 1 on the hot
wall, 8 = 0 on the cold wall and % = 0 on the adiabatic walls,
where n denotes the direction normal to the inclined wall of the
enclosure.

Besides the streamlines and isotherms, the physical quanti-
ties of interest in this problem are also the local, Nu,, and the
mean, Nu,,, Nusselt numbers from the heated wall, which are
given by

A
20 1
Miy= (5% ) o Nun= [Nuar ©)
0X ) yo A
0
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Fig. 1. (a) Physical model, (b) grid distribution.

2.1. Numerical technique

Central finite-difference method has been used to discretize
the governing non-dimensional equations, Egs. (1) and (2). The
solution of the linear algebraic equations has been performed
using Successive Under Relaxation (SUR) method. The so-
lution domain consists of grid points at which equations are
applied. Table 1 shows optimal grid dimensions for different
side wall inclination angle 6;. To obtain grid-independent so-
lution, different grid dimensions were obtained for each 6; and
chosen grid dimensions were given inside dashed ellipsoid. Dis-
tance between nodes are denoted by Ax and Ay in the x-
and y-directions, respectively. As it is shown in Table 1, the
181 x 76 grid dimensions have been chosen for 67°, 181 x 61

Table 1
Optimal grid dimensions for different inclination angle of the sidewall at ¢ = 0°
and Ra = 1000

Inclination angle Grid dimension Mean Nusselt number

of the sidewall (65) (XbyY) (Nup,)
67° 101 x 36 10.43
141 x 56 10.95
HsIx76 9.23]
221 x 96 9.65
72° 101 x 21 9.17
141 x 41 9.75
nsixel 8.96!
221 x 81 8.81
81° 161 x 21 8.93
nsix3t 8.42,
201 x 41 7.95
221 x 51 8.25

Table 2
Comparison of the mean Nusselt number Nu,, for a square porous cavity with
some results from the open literature at Ra = 1000

References Nuyy,

Bejan [7] 15.800
Gross et al. [10] 13.448
Goyeau et al. [12] 13.470
Manole and Lage [13] 13.637
Saeid and Pop [16] 13.726
Baytas and Pop [31] 14.060
Present result 13.564

for 72° and 181 x 31 for 81°, respectively. The inclined wall
is approximated by staircase-like zigzag lines. The bold circles
shown in Fig. 1(b) are boundary nodes and they have Dirichlet
boundary conditions. Values of internal nodes are calculated us-
ing boundary values via a central finite-difference method and
the iteration process is terminated when the following condition
is satisfied

D1l =@t/ Y1l <107 )
i,j i,J

where @ stands for either 6 or ¥, and m denotes the iteration
step. Due to lack of suitable results in the literature pertain-
ing to the present configuration, the present results have been
validated against the existing results for a square cavity filled
with a porous medium. Thus, the comparison of the present re-
sults for the mean Nusselt number Nu,,, as defined by Eq. (6),
with those from the open literature has been made for a value
of Ra = 1000. The results are given in Table 2. It is worth men-
tioning that Baytas and Pop [31] and Saeid and Pop [16] used
the same method as in the present study. However, Goyeau
et al. [12] used Darcy—Brinkman method to study their prob-
lem. We can see that the present values of Nu, are in good
agreement with those obtained by various authors. Maximum
difference of 5% is found for Nu,, at Ra = 1000. For a rectangu-
lar enclosure, contours of streamlines and isotherms are almost
the same as the ones given in the literature. However, they are
not presented here to save space. A second test was performed
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Fig. 2. Streamlines (on the left) and isotherms (on the right) for A = 1.0, 6 = 72°, ¢ = 0°; (a) Ra = 100, (b) Ra = 250, (c) Ra = 500.

to show validation of the code with literature as given in Ta-
ble 3. In this case, the results are compared with those reported
by Baytas and Pop [31] which refers to a parallelogram cavity
filled with a fluid saturated porous medium. It is seen that the
present results show good agreement with those of Baytas and
Pop [31].

1319
Table 3
Comparison of the mean Nusselt number Nu,;, for Ra = 100
Os 15° 30° 45°
Nuy, (Ref. [31]) 2.95 2.62 2.23
Nuy, (present) 2.872 2.585 2.217
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Fig. 3. Streamlines (on the left) and isotherms (on the right) for A = 1.0, Ra = 1000, ¢ = 0°; (a) 65 = 67°, (b) 65 = 72°, (c) 65 = 81°.

3. Results and discussion

In this numerical work, there are some governing parame-
ters, which describe different physical behaviour of the flow
and heat transfer in natural convection in an inclined porous

trapezoidal enclosure, such as orientation or inclination an-
gle ¢, angle of the sloping wall 6, aspect ratio A and Rayleigh
number Ra. In the next subsections, we will discuss the effects
of these parameters on the flow and heat transfer characteris-
tics.
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b)

c)

Fig. 4. Streamlines (on the left) and isotherms (on the right) for A = 1.0, Ra = 100, 65 = 72°; (a) ¢ = 30°, (b) ¢ = 60°, (c) ¢ =90°, (d) ¢ = 120°, (e) ¢ = 150°,

(f) = 180°.
3.1. Effects of Rayleigh number

The effects of the Rayleigh numbers Ra on the flow field
and temperature distribution have been investigated in this sub-
section. Fig. 2 shows streamlines (on the left) and isotherms
(on the right) for different values of Ra and for A = 1.0,

6; = 72° and ¢ = 0° (horizontal enclosure). A single rotat-
ing cell in clockwise direction is observed inside the enclosure
and its strength is increased with increasing Ra. This can be
seen from absolute values of the minimum stream function. In
other words, the flow gets intensified with increasing of Ra.
This result shows good agreement with the study of Kumar
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f)

Fig. 4. (Continued.)

and Kumar [32] for the same range of the Rayleigh number
and position. Isotherms illustrate an almost parallel distribu-
tion to the horizontal walls, which indicates the strong conduc-
tion. Sharper thermal boundary layer is formed with increas-
ing Ra. Further, the effects of the side wall inclination angle 6
on the temperature and flow fields are presented in Fig. 3 for

A = 1.0, Ra = 1000 and ¢ = 0°. It is seen that the parame-
ter 65 does not have any influence on the number of cells or
rotating direction of the cells. As can be seen from Figs. 2
and 3, the length of the cells become larger with increasing
of volume of the enclosure. However, the strength of flow de-
creases with increasing the values of the parameter 6. The
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c)

Fig. 5. Streamlines (on the left) and isotherms (on the right) for A = 1.0, Ra = 1000, 65 = 72°; (a) ¢ = 30°, (b) ¢ = 60°, (c) ¢ =90°, (d) ¢ = 120°, (e) ¢ = 150°,
(f) ¢ = 180°.

temperature distribution near the boundary is also affected with 3.2. Effects of inclination angles

changing of side wall inclination angle 6;. Contours are cumu-

lated near the wall for lower value of 6. For the highest value In this part of the study, the effects of inclination or orien-
of 6, results resemble to the benchmark enclosure geometry, tation angle ¢ and side wall inclination angle 6 are analyzed
see Elsherbiny [19]. for different values. Fig. 4 illustrates the effects of ¢ on the
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flow and temperature distributions by plotting streamlines (left)
and isotherms (right), respectively. These figures are given for
A =1.0, Ra =100 and 6; = 72°. A single cell in clockwise
(CW) direction is formed and its strength increases with in-
creasing the values of ¢. However, double cells are formed at
¢ = 90°, which is a critical inclination angle. In this case, the

f)

Fig. 5. (Continued.)

cavity is heated from the sloping bottom wall and cooled from
the sloping top wall and the cell, which rotates counterclock-
wise, is dominant over the clockwise one, due to long heater
part of the enclosure. A small cell is located at right top cor-
ner of the enclosure. For higher values of ¢ a single cell is
again formed but its direction changes from clockwise to coun-
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Fig. 6. Streamlines (on the left) and isotherms (on the right) for A = 0.5, Ra = 100, 65 = 72°; (a) ¢ = 0°, (b) ¢ = 30°, (c) ¢ = 60°, (d) ¢ =90°, (e) ¢ = 120°,

(f) ¢ =150°, (g) ¢ = 180°.

terclockwise, respectively. With increasing of the inclination
angle ¢, the center of the cell moves to the center of trapezoidal
enclosure. However, the effects of ¢ on thermal boundary layer
is small, except for ¢ = 90°. For ¢ > 90°, contrary to Figs. 2
and 3, heat transfer increases at the top region of the trapezoidal
enclosure due to short distance between hot and cold walls.

Fig. 5 presents the streamlines (left) and isotherms (right) for
different values of ¢ and the same values of the parameters A
and 6; of those in Fig. 4. In this case, the effects of increasing
of Ra on the flow and temperature fields can be tested. Both val-
ues of the stream function and length of the main cell become
larger as Ra increases. A trapezoidal shaped main cell is formed
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Fig. 6. (Continued.)

due to high flow velocity. Distribution of isotherms show sinu-
soidal shaped variation in the middle of the enclosure but they
are parallel to the adiabatic walls, as shown in Fig. 5(a). It can
be seen that for higher inclination angle, ¢ = 60° say, the main
cell moves to the narrow region of the enclosure. In addition,
the isotherms show a plume-like distribution at the wide region.
However, at ¢ = 90° multiple cells are formed due to Bénard
cell configuration. For higher values of the inclination angle ¢,
again single cell is formed at counterclockwise direction. Fur-
ther, Figs. 6 and 7 illustrate the streamlines and isotherms for
values of A = 0.5 at Ra = 100 and Ra = 1000, respectively.
We have also tested the case of ¢ = 0° to search the effects of
aspect ratio A on a horizontal (¢ = 0°) trapezoidal enclosure
(shallow enclosure). In this case, a small single cell has been
observed near the left sloping hot wall with Wi, = —2.5. Its
length and absolute values are increased with the increase of in-
clination angle ¢. For ¢ = 90°, the direction of flow circulation
changes and the cell rotates in counterclockwise. For higher val-
ues of ¢, the length of cell becomes larger and it sits at the

center of enclosure. However, isotherms show regular distribu-
tion between hot and cold wall due to slow flow velocity. For the
highest values of Ra, namely Ra = 1000 say, a long circulation
cell is formed and it rotates in clockwise direction. Its length
becomes smaller up to ¢ = 90°. At this value of ¢, double sym-
metrical cells are formed. For ¢ > 90°, the length of circulation
cell increases again and it rotates in counterclockwise direction.
When the adiabatic walls of the trapezoidal enclosure become
parallel to the x-axis, an almost parallel temperature distribu-
tion is observed. However, isotherms show wavy variation for
other values of the inclination parameter ¢. It means that both
aspect ratio A and the inclination angle ¢ can be used as control
parameters for flow and temperature distribution in this prob-
lem, especially at high values of the Rayleigh number Ra.

3.3. Heat transfer

Effects of the inclination or orientation angle ¢ on heat trans-
fer are presented for different Rayleigh numbers Ra in Figs. 8(a)
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d)

Fig. 7. Streamlines (on the left) and isotherms (on the right) for A = 0.5, Ra = 1000, 6; = 72°; (a) ¢ = 0°, (b) ¢ =30°, (c) ¢ =60°, (d) ¢ =90°, (e) ¢ = 120°,
(f) ¢ =150°, (g) ¢ = 180°.
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Fig. 7. (Continued.)

and (b). The results are presented via the mean Nusselt num-
ber Nu,,. For Ra = 100, the inclination angle ¢ does not have
any influence on Nu,, for both values of the side wall inclination
angles considered, 6; = 67° (Fig. 8(a)) and 0; = 81° (Fig. 8(b)),
respectively Thus, there is no Bénard regime for this value of
the Rayleigh number. As can be further seen from these fig-
ures, Nu,, tends to increase when the cavity is inclined between
¢ = 0° and ¢ = 30° for higher values of Ra. A minimal value
of Nu,, has been observed at ¢ = 90°. This fact is supported by
Baytas’s study [40]. The physical mechanism behind this con-
clusion is that both the convective effect of the hot wall and the
unstable effect of the cold wall are reduced by the inclination
angle ¢ in accordance with the decrease in buoyancy force due
to inclination of the cavity, as indicated by Aydin et al. [17]. The
Bénard regime is occurred between ¢ = 70° and ¢ = 100° for
both 6; = 67° and 6; = 81°. But higher values of Nu,, are ob-
tained in the case of ; = 67° inside the range of Bénard regime.
But the convection effect becomes more significant for ¢ > 90°.

However, the effect of inclination angle ¢ is more significant for
the highest value of Ra due to strong convection mode of heat
transfer. Values of Nu,, are almost equal for ¢ = 0° and 180° at
different values of 6.

Fig. 9 shows the variation of the mean Nusselt number Nuy,
with the inclination angle ¢ for three values of 6; when
Ra = 1000 and A = 0.5. The Bénard regime is plotted with
dashed lines and other lines at the left and right sides of this
region show unicellular flow. As can be seen from this fig-
ure, Nu,, has an almost sinusoidal trend between ¢ = 0° and
180°. The values of Nu,, decrease with increasing of side-
wall inclination angle 6; and are close to the values for a
square enclosure. These values are close to each other up to
¢ =90°. As it is illustrated in Fig. 9, the side wall inclina-
tion parameter 6 is also an effective parameter for the onset of
Bénard cells for the same values of the parameters Ra and A.
Thus, the onset of Bénard regime is for ¢ = 90° and 6; = 67°;
¢ = 85° and 6; = 67°; ¢ = 80° and 6; = 72°. In the range
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Fig. 9. Variation of the mean Nusselt number with inclination angle for and
different values of the inclination side wall angle when Ra = 1000, A =0.5.

90° < ¢ < 180°, a substantial difference was observed for
Nu,, with the increasing of convection mode of heat trans-
fer.

0
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80 90 100 110 120 130 140 150 160 170 180

b
b)

Fig. 10. Variation of the extremum values of stream function with inclination
angle for different Rayleigh numbers when 6 = 72°; (a) A = 1.0, (b) A =0.5.

3.4. Effects of aspect ratio

Variation of the flow strength is presented in Figs. 10(a)
and (b) via values of the absolute extremum stream function
for 6, = 72° and different values of the inclination angles ¢.
An analysis has been also performed for different values of the
aspect ratio A of the enclosure. Similar trends were observed
between values of the absolute extremum of the stream func-
tion and the mean Nusselt number Nu,,,. It means that both heat
transfer and fluid flow are affected at the same magnitude by the
governing parameters ¢ and A. The values of the stream func-
tion increase slightly for values of the inclination parameter ¢
between 0° and 60°. The Bénard regime is also observed for
Ra = 100 and values of ¢ in the range 80° < ¢ < 95°. How-
ever, the changes of Bénard cells depend also by Ra. For a
highest value of the Rayleigh number, Ra = 1000 say, the Bé-
nard cells change for values of ¢ in the range 70° < ¢ < 95°.
A minimum is reached at ¢ = 90° due to low fluid velocity. The
inclination angle ¢ is, therefore, an important parameter on the
flow strength for higher values of Ra. When Figs. 10(a) and (b)
are compared to see the effect of the parameter A on the flow
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Fig. 11. Variation of mean Nusselt number with different Rayleigh numbers for
different aspect ratio when ¢ = 0° and 65 = 72°.

strength, it is observed that the variation of flow strength de-
pends substantially by the values of Ra. Finally, Fig. 11 shows
the variation of Nu,, with the aspect ratio A. It is seen that the
variation of the parameter A is more effective for higher values
of Ra. Therefore, it can be concluded that both inclination an-
gle ¢ and aspect ratio A can be used to control the flow field
and heat transfer inside the porous trapezoidal enclosure.

4. Conclusions

Flow field and heat transfer characteristics have been nu-
merically investigated in this paper for natural convection in
an inclined trapezoidal enclosure filled with a fluid-saturated
porous medium at different values of inclination angle, slop-
ing wall angle, Rayleigh number and aspect ratio. Based on the
obtained results, the findings can be listed as follows:

(1) Overall heat transfer is increased with increasing of the
Rayleigh number Ra and decreases with decreasing of slop-
ing angle ¢. For the highest value of the aspect ratio A, the
flow becomes stagnant far from the heated wall. The effects
of the parameter A on heat transfer depends on the values
of Ra. However, higher values of Ra are more significant
on the flow and heat transfer characteristics.

(2) Both the inclination or orientation angle ¢ and the sloping
wall angle 6, affect the temperature distribution and flow
field. But the parameter ¢ is a dominant parameter in this
problem. It causes a multicellular flow and a minimum heat
transfer is obtained at ¢ = 90°. The sloping wall angle 6;
is more effective for higher values of ¢.

(3) There can be an optimum solution containing all parame-
ters but this is outside the scope of the present paper. How-
ever, the study can be extended to an instability analysis in
the future.

(4) The onset of Bénard cells is also affected by the change of
both inclination angle of the side wall and the inclination
or orientation of the cavity. The Rayleigh number is also an
effective parameter for the change of the Bénard regime.
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